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Abstract
We review thermodynamic properties of modified gravity theories such as F (R) gravity and f(T )
gravity, where R is the scalar curvature and T is the torsion scalar in teleparallelism. In particular,
we explore the equivalence between the equations of motion for modified gravity theories and the
Clausius relation in thermodynamics. In addition, thermodynamics of the cosmological apparent
horizon is investigated in f(T ) gravity. We show both equilibrium and non-equilibrium descriptions
of thermodynamics. It is demonstrated that the second law of thermodynamics in the universe can
be met when the temperature of the outside of the apparent horizon is equivalent to that of the
inside of it.
PACS numbers: 04.50.Kd, 04.70.Dy, 95.36.+x, 98.80.-k
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I. INTRODUCTION
According to the various cosmological observations including Type Ia Supernovae [1, 2],
cosmic microwave background (CMB) radiation [3–9], large scale structure [10, 11], baryon
acoustic oscillations (BAO) [12], and weak lensing [13], the current expansion of the uni-
verse is accelerating. There exist two main procedures to account for the late-time cosmic
acceleration. One is the introduction of the so-called “dark energy” in general relativity,
and the other is the modification of gravitation (for reviews on dark energy problems and
modified gravity theories, see, for instance, [14–25]).
It has been suggested by black hole thermodynamics [26–29] with the black hole en-
tropy [27] and a Hawking temperature [28] that gravitation has a fundamental connection
to thermodynamics (for reviews, see, e.g., [30–33]). Indeed, in general relativity, the Ein-
stein equation has been derived from the Clausius relation in thermodynamics by taking
into account the fact that the entropy is proportional to the horizon area in Ref. [34]. Fur-
thermore, the investigations proposed in Ref. [34] have been applied to extended theories
of gravitation [35–38]. It is known that when the gravitational field equation is derived
with the procedure in Ref. [34] in F (R) gravity [39–42], a treatment of a non-equilibrium
thermodynamics would be necessary [43]. It is important to note that the anti-evaporation
of black holes have been considered in Refs. [44–47].
As a gravity theory alternative to general relativity, there is the so-called teleparallelism
in which the Weitzenbo¨ck connection is used. In this theory, curvature does not exist,
but torsion does. This is different from general relativity described by the Levi-Civita
connection [48–52]. The Lagrangian density for teleparallelism is written by the torsion
scalar T . This has been extended to a function of T , namely, it is called f(T ) gravity,
to explain not only inflation [53–55] but also the late-time accelerated expansion of the
universe [56–60]. Such an approach is the same as F (R) gravity. It is important to remark
that there is no local Lorentz invariance in f(T ) gravity [61, 62] and there are several
discussions on the related points [63–71]. Moreover, finite-time future singularities in f(T )
gravity has been studied in Ref. [72]. The first law of thermodynamics in f(T ) gravity has
been examined in Ref. [73], in which the different procedure in Ref. [74] has been used.
In this paper, we review the main results in Refs. [74, 75]. First, we investigate the
equivalence of the gravitational field equation to the Clausius relation in thermodynamics in
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modified gravity theories. Particularly, we consider (a) F (R) gravity, (b) the scalar-Gauss-
Bonnet gravity inspired by (super)string theories (e.g., see [76]), (c) F (G) gravity [77],
where G is the Gauss-Bonnet invariant, and (d) the non-local gravity [78, 79]. In addition,
we discuss how to relate the expression of the entropy and the contribution of both matter
and modification of gravity to the expression of the energy flux (heat). Next, for f(T )
gravity, we study thermodynamics of the apparent horizon. We examine both the non-
equilibrium and equilibrium descriptions of thermodynamics. The dual equilibrium/non-
equilibrium formulation in f(T ) gravity is found as in F (R) gravity [80]. We show that
if the temperature of the outside of the apparent horizon is same as that of the inside of
it, for the universe, the second law of thermodynamics can be satisfied. We use units of
kB = c = ~ = 1 and express the gravitational constant 8πG by κ
2 ≡ 8π/MPl2 with the
Planck mass of MPl = G
−1/2 = 1.2× 1019 GeV.
The organization of the paper is the following. In Sec. II, we explain the equivalence
between the gravitational equations in modified gravity theories and the Clausius relation in
thermodynamics. In Sec. III, we consider thermodynamics of the apparent horizon in f(T )
gravity and present not only the non-equilibrium description but also the equilibrium one
of thermodynamics. Conclusions are presented in Sec. IV.
II. EQUIVALENCE BETWEEN MODIFIED GRAVITY EQUATION AND THE
CLAUSIUS RELATION
In this section, we review that in modified gravity theories, the gravitational field equation
is equivalent to the Clausius relation in thermodynamics. We also consider the relation
between the representation of the entropy and the contribution of not only matter but also
modification of gravity to the expression of the energy flux (heat).
A. Formulations
The Clausius relation in thermodynamics is represented as [34] δS = δQ/T with S the
entropy, Q the heat, and T the temperature, where δQ is considered to be the energy flux
via the local Rindler horizon H at a free-falling local observer p0. The expression of δQ is
δQ =
∫
H
Tµνχ
µdΣν . Here, χµ is an approximate local boost Killing field future directed to
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the past of p0, Tµν is the energy-momentum tensor of all the matters, and the integration
is over a pencil of generators of H at p0. Furthermore, we have dΣµ = KµdλdA. Here,
Kµ is an approximate Killing field which generates boost at p0 and vanishes at p0. This
is taken as the future pointing to the inside past of p0. Moreover, dA is the cross section
area element of H. On the other hand, T is regarded as the Unruh temperature [81], given
by T = k/ (2π), where k is the acceleration of the Killing orbit. On the Killing orbit, the
norm of χµ becomes unity when K is a tangent vector to the generators of H with an affine
parameter λ. At p0, we find λ = 0.
The formulation has been developed also in F (R) gravity [35, 43] and in extended gravity
theories [38, 82]. The first generalization of to In the Lanczos-Lovelock gravity, the relation
of the gravitational field equations to thermodynamics has been generalized in Refs. [83–
85]. In addition, for the Lanczos-Lovelock gravity, the entropy functional approach has
been explored in Ref. [86]. Except for a four-divergence, the procedure in Refs. [38, 87] is
equivalent to this entropy functional approach. The connection of the entropy functional
approach with diffeomorphism invariance has been indicated in Ref. [88]. If a particular
expression is introduced as entropy, in principle, all of the diffeomorphism invariant theories
can obtain an entropic derivation.
The entropy S can be defined as [89]
S = − 2
T
∮
∂H
Sµρνσ ǫˆµρǫνσ , (II.1)
where
Sµρνσ ≡ 1√−g
δI
δRµρνσ
, (II.2)
with I the action. This definition is used in Refs. [35, 38]. In Eq. (II.1), the integration is
over the surface which encloses the volume H, ǫµν is a 2-dimensional volume form, and ǫˆµν
is expressed as ǫˆµν = ∇µχ˜ν = ǫµν/ǫ¯, where χ˜ν = χν/k and ǫ¯ is the area element of the cross
section of the horizon. As a result, we acquire [38]
T σν = 2
[−2∇µ∇ρSµσνρ + SµρτσR νµρτ ]+ gσνΦ , (II.3)
where the conservation law or the Bianchi identity leads to Φ. The scalar curvature, the
Ricci tensor, and the Riemann tensor are defined as R ≡ gµνRµν , Rµν ≡ Rλµλν , and Rλµρν ≡
−Γλµρ,ν + Γλµν,ρ − ΓηµρΓλνη + ΓηµνΓλρη with Γλµρ,ν the connection, respectively. We note that the
sign of the first term in the right-hand side (r.h.s.) of Eq. (II.3) is different from that in
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Ref. [38] because the definition of the Riemann tensor is different. Thus, in Ref. [38], it has
been shown that the gravitational equations of motion are equivalent to the fundamental
thermodynamic relation in generalized gravity theories.
The energy flux δQ is described with the energy-momentum tensor Tµν of all the matters.
The entropy S is given in Eq. (II.1) with Eq. (II.2) in a gravity theory. By the Clausius
relation δS = δQ/T , δQ is related to S. We can find Eq. (II.3) by combining the relation
δQ =
∫
H
Tµνχ
µdΣν and Eq. (II.1) with the Clausius relation. Consequently, Eq. (II.3) is the
equation of motion in the gravity theory, through which the matter and gravity are related
with each other.
B. Modified gravity theories
In modified gravity theories, we investigate the representations of∇µ∇ρSµσνρ, SµρτσR νµρτ ,
and Φ, which are components on the r.h.s. of Eq. (II.3), to clearly illustrate the equations
of motion from the Clausius relation in thermodynamics. This procedure is an extension of
the method in general relativity, proposed by Jacobson [34] in order to explore the Einstein
equation as a thermodynamic equation of state. Especially, we examine (a) F (R) gravity,
(b) the scalar-Gauss-Bonnet gravity, (c) F (G) gravity [77], and (d) the non-local gravity [78,
79]. Here, the Gauss-Bonnet invariant is given by G ≡ R2 − 4RµνRµν + RµνρσRµνρσ and
F (G) is a function of G. With Eq. (II.3), it is demonstrated that in these gravity theories,
the equations of motion are equivalent to the Clausius relation in thermodynamics. We
mention that in Ref. [43], the equations of motion in F (R) gravity have been studied in non-
equilibrium thermodynamics, whereas in Ref. [35], they have been explored in equilibrium
thermodynamics with the concept of “local-boost-invariance” [90]. We here generalize the
Jacobson’s approach considered in Ref. [38] to F (R) gravity.
We explore the following action for modified gravity theories
I =
∫
d4x
√−g
[F(R, φ,X,G)
2κ2
+ Lmatter
]
. (II.4)
Here, g is the determinant of the metric gµν , φ is a scalar field (for example, a dilaton for
string theories), X ≡ − (1/2) gµν∇µφ∇νφ is a kinetic term of φ, where ∇µ is the covariant
derivative, F(R, φ,X,G) is an arbitrary function in terms of R, φ, X and G, and Lmatter is
the Lagrangian of matter.
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It follows from the action in Eq. (II.4) that the gravitational field equation is given by
F,R
(
Rµν − 1
2
Rgµν
)
= κ2T (matter)µν +
1
2
gµν (F − F,RR) +∇µ∇νF,R − gµν✷F,R
+
1
2
F,X∂µφ∂νφ+
(−2RRµν + 4RµρRνρ − 2RµρστRνρστ + 4gαρgβσRµανβRρσ)F,G
+ 2 (∇µ∇νF,G)R− 2gµν (✷F,G)R + 4 (✷F,G)Rµν − 4 (∇ρ∇µF,G)Rνρ − 4 (∇ρ∇νF,G)Rµρ
+ 4gµν (∇ρ∇σF,G)Rρσ − 4 (∇ρ∇σF,G) gαρgβσRµανβ . (II.5)
with
F,R ≡ ∂F(R, φ,X,G)
∂R
, F,X ≡ ∂F(R, φ,X,G)
∂X
,
F,G ≡ ∂F(R, φ,X,G)
∂G , F,φ ≡
∂F(R, φ,X,G)
∂φ
, (II.6)
where ✷ ≡ gµν∇µ∇ν is the covariant d’Alembertian for a scalar field, and T (matter)µν is the
energy-momentum tensor of all the matters. Moreover, the equation of motion for φ is
derived as
F,φ + 1√−g∂µ
(F,X√−ggµν∂νφ) = 0 , (II.7)
1. F (R) gravity
In F (R) gravity, the action is given by Eq. (II.4) with
F(R, φ,X,G)
2κ2
= F (R) . (II.8)
In this case, we find
Sµνρσ =
F ′(R)
2
(gµνgρσ − gµσgνρ) , (II.9)
∇µ∇σSµρνσ = 1
2
(∇ν∇ρ − gνρ✷)F ′(R) , (II.10)
SµρτσR νµρτ = R
σνF ′(R) , (II.11)
where F ′(R) ≡ dF (R)/dR. Furthermore, the gravitational field equation reads
0 =
1
2
gµνF (R)−RµνF ′(R) +∇µ∇νF ′(R)− gµν✷F ′(R) + 1
2
T (matter)µν . (II.12)
The comparison of Eq. (II.10) with Eq. (II.3) leads to
Tµν = T
(matter)
µν , (II.13)
Φ = −F (R) , (II.14)
where we have used using Eqs. (II.10) and (II.11).
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2. Scalar-Gauss-Bonnet gravity
The action for the scalar-Gauss-Bonnet gravity is expressed by Eq. (II.4) with
F(R, φ,X,G)
2κ2
=
R
2κ2
− γ
2
gµν∂µφ∂νφ− V (φ) + f(φ)G , (II.15)
where V (φ) is the potential of φ, f(φ) is a function of φ, and γ = ±1. When γ = 1, φ is
a canonical scalar field, while in the case that γ = −1 and there is no the Gauss-Bonnet
invariant, φ is a phantom (non-canonical) scalar field. In this action, we obtain
Sµρνσ =
1
4κ2
(gµνgρσ − gµσgνρ) + f(φ) {(gµνgρσ − gµσgνρ)R
−2 (gρσRµν − gρνRµσ − gµσRρν + gµνRρσ) + 2Rµρνσ} , (II.16)
∇µ∇σSµρνσ = ∇µ∇σf(φ) {(gµνgρσ − gµσgνρ)R
− 2 (gρσRµν − gρνRµσ − gµσRρν) + 2Rµρνσ} , (II.17)
SµρνσR ηµρν =
1
2κ2
Rση +
f(φ)G
2
gση . (II.18)
In addition, the gravitational equation becomes
T (matter)µν =
1
κ2
(
Rµν − 1
2
Rgµν
)
− γ
(
∂µφ∂νφ− 1
2
gµν∂ρφ∂
ρφ
)
+ gµνV (φ)
− 4 (∇µ∇νf(φ))R + 4gµν (✷f(φ))R− 8 (✷f(φ))Rµν + 8 (∇ρ∇µf(φ))Rνρ
+ 8 (∇ρ∇νf(φ))Rµρ − 8gµν (∇ρ∇σf(φ))Rρσ
+ 8 (∇ρ∇σf(φ)) gαρgβσRµανβ . (II.19)
We compare Eq. (II.19) with Eq. (II.3). Eventually, we acquire
Tµν = T
(matter)
µν + γ
(
∂µφ∂νφ− 1
2
gµν∂ρφ∂
ρφ
)
− gµνV (φ) , (II.20)
Φ =
R
2κ2
− f(φ)G . (II.21)
3. F (G) gravity
In F (G) gravity, the action is represented by Eq. (II.1) with [77]
F(R, φ,X,G)
2κ2
=
R
2κ2
+ F (G) . (II.22)
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In this theory, we have
Sµρνσ =
1
4κ2
(gµνgρσ − gµσgνρ) + F ′(G) {(gµνgρσ − gµσgνρ)R
− 2 (gρσRµν − gρνRµσ − gµσRρν + gµνRρσ) + 2Rµρνσ} , (II.23)
∇µ∇σSµρνσ = ∇µ∇σF ′(G) {(gµνgρσ − gµσgνρ)R
− 2 (gρσRµν − gρνRµσ − gµσRρν) + 2Rµρνσ} , (II.24)
SµρνσR ηµρν =
1
2κ2
Rση +
F ′(G)G
2
gση . (II.25)
with F ′(G) ≡ dF (G)/dG. Moreover, the gravitational field equation is given by
T (matter)µν =
1
κ2
(
Rµν − 1
2
Rgµν
)
− gµν (F (G)− GF ′(G))− 4 (∇µ∇νF ′(G))R
+ 4gµν (✷F
′(G))R − 8 (✷F ′(G))Rµν + 8 (∇ρ∇µF ′(G))Rνρ
+ 8 (∇ρ∇νF ′(G))Rµρ − 8gµν (∇ρ∇σF ′(G))Rρσ
+ 8 (∇ρ∇σF ′(G)) gαρgβσRµανβ . (II.26)
By comparing Eq. (II.26) with Eq. (II.3) and using Eqs. (II.24) and (II.25), we get
Tµν = T
(matter)
µν , (II.27)
Φ =
R
2κ2
− F (G) . (II.28)
4. Non-local gravity
In the non-local gravity, the action is described by Eq. (II.1) with [78, 79]
F(R, φ,X,G)
2κ2
=
1
2κ2
R
(
1 + f˜(✷−1R)
)
, (II.29)
where f˜ is a function of the argument. By introducing two scalar fields ϕ and ξ, Eq. (II.29)
can be expressed as [79]
F(R, φ,X,G)
2κ2
=
1
2κ2
{
R
(
1 + f˜(ϕ)
)
− ∂µξ∂µϕ− ξR
}
. (II.30)
It follows from the expression of the action in Eq. (II.1) with Eq. (II.30) that
Sµρνσ =
1
4κ2
(
1 + f˜(ϕ)− ξ
)
(gµνgρσ − gµσgνρ) , (II.31)
∇µ∇σSµρνσ = 1
4κ2
(∇ν∇ρ − gνρ✷)
(
f˜(ϕ)− ξ
)
, (II.32)
SµρνσR ηµρν =
1
2κ2
(
1 + f˜(ϕ)− ξ
)
Rση . (II.33)
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We also find the following gravitational equation
T (matter)µν =
1
κ2
[
−1
2
gµν
{
R
(
1 + f˜(ϕ)− ξ
)
− ∂ρξ∂ρϕ
}
+Rµν
(
1 + f˜(ϕ)− ξ
)
− 1
2
(∂µξ∂νϕ+ ∂µϕ∂νξ) + (gµν✷−∇µ∇ν)
(
f˜(ϕ)− ξ
)]
. (II.34)
In comparison of Eq. (II.34) with Eq. (II.3), with Eqs. (II.32) and (II.33), we obtain
Tµν = T
(matter)
µν +
1
2κ2
(
∂µξ∂νϕ+ ∂µϕ∂νξ − gµν∂ρξ∂ρϕ
)
, (II.35)
Φ =
R
2κ2
(
1 + f˜(ϕ)− ξ
)
. (II.36)
Here, there is a possibility to select other separation into the parts of Tµν and Φ. Concretely,
we can take
Tˆµν = T
(matter)
µν +
1
2κ2
(∂µξ∂νϕ+ ∂µϕ∂νξ) , (II.37)
Φˆ =
R
2κ2
(
1 + f˜(ϕ)− ξ
)
− ∂ρξ∂ρϕ , (II.38)
instead of combination of Eqs. (II.35) and (II.36). Namely, we have included the last term
in Eq. (II.35) in the representation of Φˆ in Eq. (II.38).
In general, Φ can be written as Φ = c1 [R/ (2κ
2)] + c2Lgravity with c1 and c2 constants,
where R/ (2κ2) describes general relativity and Lgravity is the Lagrangian of gravity. In F (R)
gravity, (c1, c2) = (0,−1), and therefore Lgravity = F (R). In the scalar-Gauss-Bonnet gravity,
(c1, c2) = (2,−1), and hence Lgravity = R/ (2κ2)+ f(φ)G. In F (G) gravity, (c1, c2) = (2,−1),
and thus Lgravity = R/ (2κ2)+F (G). In the non-local gravity, for Eq. (II.36), (c1, c2) = (0, 1),
and accordingly Lgravity = [R/ (2κ2)]
(
1 + f˜(ϕ)− ξ
)
. When we take Eq. (II.38), and not
Eq. (II.36), we have Lgravity = [R/ (2κ2)]
(
1 + f˜(ϕ)− ξ
)
− ∂ρξ∂ρϕ. This corresponds to
Eq. (II.30).
As a result, we have confirmed that for modified gravity theories, the idea by Jacobson [34]
in general relativity that the Einstein equation can be considered to be a thermodynamic
equation of state can be generalized. This point has been indicated in Ref. [38], where
gravity on a macroscopic scale is interpreted as a manifestation of thermodynamics in terms
of the vacuum state of the quantum field theory.
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C. Representation of the entropy
In modified gravity theories, the gravitational field equation can be described as T
(matter)
µν +
T
(MG)
µν = (1/κ2)G
(GR)
µν where T
(MG)
µν is the energy-momentum tensor from the deviation of
modified gravity theories from general relativity, and G
(GR)
µν ≡ Rµν − (1/2)Rgµν is the
Einstein tensor in general relativity. When the contribution from T
(MG)
µν is included in the
representation of the energy flux (heat), the area law of the entropy is the same as the
one in general relativity, and the contribution of the modification of gravity is involved
in the entropy. Moreover, the gravitational field equation can be rewritten to T
(matter)
µν =
(1/κ2)
(
G
(GR)
µν +G
(MG)
µν
)
with G
(MG)
µν ≡ −κ2T (MG)µν .
On the other hand, the representation of the energy flux (heat) includes only the contri-
bution of matter, the entropy S would generally be described by a function of the area A as
S = S(A), in which the parameters of modified gravity theories and/or curvatures, and so
force, are included.
In addition, there can be the mixture expression of the gravitational field equation
as T
(matter)
µν + T¯
(MG)
µν = (1/κ2)
(
G
(GR)
µν + G¯
(MG)
µν
)
, where G
(MG)
µν = −κ2T (MG)µν = G¯(MG)µν =
−κ2T¯ (MG)µν . Hence, the contribution of both matter and a part of modification of gravity are
involved in the entropy, and the representation of the entropy would be changed from that
in general relativity. Therefore, it should be made clear whether the entropy contains the
contribution of only matter or that of the modification of gravity in part as well as matter.
Accordingly, we note that if any scalar field is included in the theory, the Wald’s formula in
Eq. (II.3) cannot always be applicable.
The point described above is related to the fact that in modified gravity theories, there can
exist a description of equilibrium thermodynamics on the apparent horizon in the expanding
universe because of a redefinition of an energy momentum tensor from the contribution of
modification of gravity from which a local energy conservation is satisfied [91, 92].
III. THERMODYNAMICS IN f(T ) GRAVITY
In this section, we review thermodynamics of the apparent horizon in f(T ) gravity. We
consider the equilibrium description as well as the non-equilibrium description. We present
the dual equilibrium/non-equilibrium formulation in f(T ) gravity, which is also obtained for
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F (R) gravity in the Palatini formalism [80]. It is shown that when the universe has the same
temperature outside and inside the apparent horizon, the second law of thermodynamics can
be met.
The advantages of f(T ) gravity are summarized as follows. The cosmic acceleration, i.e.,
inflation and the late-time acceleration, can be realized in f(T ) gravity can realized. In ad-
dition, in f(T ) gravity, the gravitational field equation is second-order in derivatives, similar
to that in general relativity, while in F (R) gravity, we have the fourth-order gravitational
field equation in derivatives. Accordingly, to investigate whether f(T ) gravity can be an
alternative theory of gravitation to general relativity, it is significant to examine the first
and second laws of thermodynamics in f(T ) gravity.
A. Formulae in f(T ) gravity
Orthonormal tetrad components eA(x
µ) is used in the teleparallelism. Here, for the
tangent space at each point xµ of the manifold, an index A runs over 0, 1, 2, 3. Their
relation to the metric gµν is given by gµν = ηABe
A
µ e
B
ν . Here, µ and ν are coordinate indices
on the manifold and run over 0, 1, 2, 3. Moreover, eµA corresponds to the tangent vector of
the manifold.
The torsion tensor and the contorsion tensor are defined as T ρµν ≡ eρA
(
∂µe
A
ν − ∂νeAµ
)
and Kµν ρ ≡ − (1/2)
(
T µν ρ − T νµρ − T µνρ
)
, respectively. The Lagrangian density in
the teleparallelism is given by the torsion scalar T ≡ S µνρ T ρµν , with S µνρ ≡
(1/2)
(
Kµν ρ + δ
µ
ρ T
αν
α − δνρ T αµα
)
, although in general relativity, the Lagrangian density
is written by the scalar curvature R.
The action in f(T ) gravity is described as [57]
I =
∫
d4x|e|
[
f(T )
2κ2
+ LM
]
. (III.1)
with |e| = det (eAµ ) = √−g and LM the Lagrangian of matter. The variation of the action
in Eq. (III.1) with respect to the vierbein vector field eµA leads to [56]
1
e
∂µ (eS
µν
A ) f
′ − eλAT ρµλS νµρ f ′ + S µνA ∂µ (T ) f ′′ +
1
4
eνAf =
κ2
2
eρAT
(M) ν
ρ . (III.2)
Here, T (M)
ν
ρ is the energy-momentum tensor of all perfect fluids of matter, namely, radiation
and non-relativistic matter, and the prime denotes the derivative with respect to T .
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We suppose the four-dimensional flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
space-time, in which the metric is expressed as ds2 = hαβdx
αdxβ + r˜2dΩ2. Here, r˜ = a(t)r,
x0 = t and x1 = r with the two-dimensional metric hαβ = diag(1,−a2(t)), where a(t) is
the scale factor and dΩ2 is the metric of two-dimensional sphere which has unit radius.
For this space-time, we have gµν = diag(1,−a2,−a2,−a2). With the tetrad components
eAµ = (1, a, a, a), we find the relation T = −6H2 between T and the Hubble parameter
H = a˙/a, where the dot means the time derivative.
In the flat FLRW space-time, from Eq. (III.2), the gravitational field equations read [56,
57]
H2 =
1
6F
(
κ2ρM − f
2
)
, (III.3)
H˙ = − 1
4TF ′ + 2F
(
κ2PM − TF + f
2
)
. (III.4)
Here, F ≡ df/dT , F ′ = dF/dT , and ρM and PM are the energy density and pressure of all
perfect fluids of matter, respectively. The continuity equation for the perfect fluid is satisfied
as ρ˙M + 3H (ρM + PM) = 0.
B. Description of non-equilibrium thermodynamics for f(T ) gravity
1. First law of thermodynamics in non-equilibrium description
We see that Eqs. (III.3) and (III.4) can be represented as
H2 =
κ2
3F
(ρˆDE + ρM) , (III.5)
H˙ = − κ
2
2F
(
ρˆDE + PˆDE + ρM + PM
)
, (III.6)
ρˆDE ≡ 1
2κ2
(FT − f) , (III.7)
PˆDE ≡ 1
2κ2
[
− (FT − f) + 4HF˙
]
. (III.8)
Here, ρˆDE and PˆDE are the energy density and pressure of dark components, respectively,
and they meet ˙ˆρDE + 3H
(
ρˆDE + PˆDE
)
= − [T/ (2κ2)] F˙ , where the hat shows quantities in
the non-equilibrium description of thermodynamics. It is found that the standard continuity
equation cannot be satisfied because of F˙ 6= 0.
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The dynamical apparent horizon is determined by the relation hαβ∂αr˜∂β r˜ = 0. It is
suggested that according to the observational data of type Ia Supernovae, the generalized
second law of thermodynamics can be satisfied for the apparent horizon, and not for the
event horizon [93, 94]. In the flat FLRW universe, the radius r˜A of the apparent horizon is
represented as r˜A = 1/H . It follows from the time derivative of this relation that −dr˜A/r˜3A =
H˙Hdt. By substituting Eq. (III.6) into this relation, we acquire
F
4πG
dr˜A = r˜
3
AH
(
ρˆt + Pˆt
)
dt , (III.9)
with ρˆt ≡ ρˆDE+ρM and Pˆt ≡ PˆDE+PM the total energy density and pressure of the universe,
respectively.
The Bekenstein-Hawking horizon entropy is expressed as S = A/ (4G) in general rela-
tivity. Here, A = 4πr˜2A is the area of the apparent horizon [26–29]. On the other hand,
for modified gravity theories such as f(R) gravity, the Wald entropy Sˆ [89, 90], which is a
horizon entropy Sˆ associated with a Noether charge, is described by Sˆ = A/ (4Geff). Here,
Geff = G/f
′ with f ′ = df(R)/dR is the effective gravitational coupling in f(R) gravity [95].
The form of the Wald entropy in f(R) gravity in the metric formalism [89, 90, 96, 97] is
equivalent to that in the Palatini formalism [98].
From the investigations of the matter density perturbations, the effective gravitational
coupling in f(T ) gravity becomes Geff = G/F [99], which is similar to that for f(R) grav-
ity. Moreover, with the method of the Wald’s Noether charge [89, 90] and the related
consequences in Refs. [34, 38, 43, 100, 101], it has been demonstrated in Ref. [73] that if
F ′ = dF (T )/dT = d2f(T )/dT 2 is small, the black hole entropy is approximately equal to
FA/ (4G) for f(T ) gravity. Thus, for f(T ) gravity, the Wald entropy can be taken as
Sˆ =
FA
4G
. (III.10)
In f(T ) gravity, there is no local Lorentz invariant [61, 62]. This implies that there exist new
degrees of freedom. At the background level, however, there is no new degrees of freedom,
whereas at the level of the linear perturbation, only the constraint equations are met by the
new vector degree of freedom [61, 62]. In the early universe, the new degrees of freedom
seems not to contribute to physical observables directly [102]. Therefore, it is considered
that the new degrees of freedom will not influence on the entropy. With Eqs. (III.9) and
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(III.10), we get
1
2πr˜A
dSˆ = 4πr˜3AH
(
ρˆt + Pˆt
)
dt+
r˜A
2G
dF . (III.11)
We have the Hawking temperature TH = |κsg| / (2π), which corresponds to the associated
temperature of the apparent horizon, where κsg =
[
1/
(
2
√−h)] ∂α (√−hhαβ∂β r˜) with h the
determinant of the metric hαβ is the surface gravity [103], and it is written as
κsg = − 1
r˜A
(
1−
˙˜rA
2Hr˜A
)
= − r˜A
2
(
2H2 + H˙
)
= −2πG
3F
r˜A
(
ρˆt − 3Pˆt
)
. (III.12)
It is seen from Eq. (III.11) that when the total equation of state (EoS) wt ≡ Pˆt/ρˆt satisfies
the condition wt ≤ 1/3, we have κsg ≤ 0. Eventually, we obtain
TH =
1
2πr˜A
(
1−
˙˜rA
2Hr˜A
)
. (III.13)
The multiplication of the term 1− ˙˜rA/(2Hr˜A) for Eq. (III.10) leads to
THdSˆ = 4πr˜
3
AH
(
ρˆt + Pˆt
)
dt− 2πr˜2A
(
ρˆt + Pˆt
)
dr˜A +
TH
G
πr˜2AdF . (III.14)
The Misner-Sharp energy [104, 105] is defined by E ≡ r˜A/ (2G) for general relativity.
This can be extended to Eˆ = r˜AF/ (2G) because Geff = G/F [99] for f(T ) gravity, similar
to that for f(R) gravity [106–108] (see Refs. [109, 110] as related studies). By using this
relation and r˜A = 1/H , we find Eˆ = V [3FH
2/ (8πG)] = V ρˆt with V = 4πr˜
3
A/3 the volume
inside the apparent horizon. Here, the last equality suggests that Eˆ is equivalent to the total
intrinsic energy. It is seen that since Eˆ > 0, we find F > 0. Hence, in f(T ) gravity, the
effective gravitational coupling Geff = G/F is positive, similarly to that in f(R) gravity [17].
This condition is necessary for the graviton not to be a ghost from the quantum theoretical
point of view [111].
From the continuity equations, we obtain
dEˆ = −4πr˜3AH
(
ρˆt + Pˆt
)
dt+ 4πr˜2Aρˆtdr˜A +
r˜A
2G
dF . (III.15)
By combining Eqs. (III.14) and (III.15), we have
THdSˆ = dEˆ + 2πr˜
2
A
(
ρˆd + ρf − Pˆd − Pf
)
dr˜A +
r˜A
2G
(1 + 2πr˜ATH) dF . (III.16)
We introduce the work density [112–114] Wˆ ≡ − (1/2)
(
T (M)αβhαβ + Tˆ
(DE)αβhαβ
)
=
(1/2)
(
ρˆt − Pˆt
)
, where Tˆ (DE)αβ is the energy-momentum tensor of dark components. With
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the work density Wˆ , we rewrite Eq. (III.16) as
THdSˆ = −dEˆ + WˆdV + r˜A
2G
(1 + 2πr˜ATH) dF . (III.17)
This relation is represented as THdSˆ + THdiSˆ = −dEˆ + WˆdV with
diSˆ = − 1
TH
r˜A
2G
(1 + 2πr˜ATH) dF = −
(
Eˆ
TH
+ Sˆ
)
dF
F
(III.18)
=
6π
G
8HT + T˙
T
(
4HT + T˙
)dF . (III.19)
Here, the term diSˆ can be regarded as an entropy production term in the description of
non-equilibrium thermodynamics. For f(T ) gravity, except for the case that f(T ) = T ,
in which F = 1 and diSˆ = 0, diSˆ in Eq. (III.18) does not vanish. Thus, the first-law of
equilibrium thermodynamics is satisfied.
2. Second law of thermodynamics in non-equilibrium description
For ordinary fluid dynamics in cosmology, the entropy is simply the fluid-entropy current,
and therefore it is not related to the horizon entropy. In the flat FLRW background, the
Bekenstein-Hawking horizon entropy of the apparent horizon is described by S = A/ (4G) =
π/ (GH2) ∝ H−2. Here, we have used A = 4πr˜2A and r˜A = 1/H to derive the first equality.
In modified gravity theories such as F (R) gravity and f(T ) gravity, the phantom phase in
which H˙ > 0 can exist. For this phase, S˙ = −2 [π/ (GH3)] H˙ < 0. Hence, on the horizon
entropy, the second law of thermodynamics cannot be met. As a consequence, modified
gravity theories in which there exists the phantom phase cannot be an alternative theory
of gravity to general relativity. Indeed, however, when we examine the entropy of the total
energy of the horizon, namely, both the horizon entropy and the entropy of ordinary perfect
fluids of matter, the total amount of the entropy always becomes large in time, and therefore
the second law of thermodynamics can be satisfied. This has been demonstrated for F (R)
gravity [80]. We explore this point for f(T ) gravity.
The Gibbs equation in terms of all the matters and energy fluids is represented as
THdSˆt = d (ρˆtV ) + PˆtdV = V dρˆt +
(
ρˆt + Pˆt
)
dV , (III.20)
15
where TH is the temperature of total energy inside the horizon and Sˆt is the entropy of it.
Here, we have supposed that the temperature of the outside of the apparent horizon is equal
to that of the inside of it. The following relation is required in order for the second law of
thermodynamics to be obeyed [107]
Ξ ≡ dSˆ
dt
+
d
(
diSˆ
)
dt
+
dSˆt
dt
≥ 0 . (III.21)
From the relation THdSˆ + THdiSˆ = −dEˆ + WˆdV and Eqs. (III.5) and (III.20), we get
Ξ = − [3/ (4G)]
[(
T˙ 2F
)
/T 3
]
. Here, −T 3 = 216H6 > 0, and therefore the condition of
Ξ ≥ 0 is rewritten to J ≡ T˙ 2F = 144H2H˙2F ≥ 0. Since F > 0 owing to Eˆ > 0, this
relation is always satisfied. As a result, in f(T ) gravity, the second law of thermodynamics
can be met. The condition of J ≥ 0 is independent of the sign of H˙. This consequence is
compatible with a phantom model with thermodynamics [115]. Entropy in phantom models
have been studied in Refs. [116–119].
Here, the temperature of the apparent horizon, namely, the Hawking temperature TH =
|κsg|/ (2π) has been used as the physical temperature. It is seen from Eq. (III.12) that this
temperature depends on the energy-momentum tensor of the dark components coming from
f(T ) gravity. The temperature of matters in the universe is 2.73K of the CMB photons. In
our investigations, only the case that the cosmic temperature inside the apparent horizon
is the same as that of the horizon. Namely, the temperature of the apparent horizon is
considered to be equivalent to the temperature of matters such as that of the CMB photons.
C. Description of equilibrium thermodynamics for f(T ) gravity
In the non-equilibrium description, the non-vanishing entropy production term diSˆ exists,
and accordingly the continuity equation in terms of ρˆDE in Eq. (III.7) and PˆDE in Eq. (III.8)
cannot hold. In this section, we show that the entropy production term does not appear
thanks to the redefinition of the energy density and pressure of dark components in order
to satisfy the continuity equation. This is referred to as the equilibrium description of
thermodynamics in f(T ) gravity. Such a procedure has been proposed in Refs. [91, 92].
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1. First law of thermodynamics in equilibrium description
We compare the gravitational field equations (III.3) and (III.4) with those in general
relativity, given by
H2 =
κ2
3
(ρM + ρDE) , (III.22)
H˙ = −κ
2
2
(ρM + PM + ρDE + PDE) , (III.23)
ρDE =
1
2κ2
(−T − f + 2TF ) , (III.24)
PDE = − 1
2κ2
[
4 (1− F − 2TF ′) H˙ + (−T − f + 2TF )
]
, (III.25)
where ρDE and PDE are the energy density and pressure of dark components, respectively.
The continuity equation ρ˙DE + 3H (ρDE + PDE) = 0 is satisfied.
For the gravitational field equations (III.22) and (III.23), Eq. (III.9) is described as
1
4πG
dr˜A = r˜
3
AH (ρt + Pt) dt , (III.26)
where ρt ≡ ρDE + ρM and Pt ≡ PDE + PM. We introduce the horizon entropy S = A/(4G).
With Eq. (III.26), we obtain
1
2πr˜A
dS = 4πr˜3AH (ρt + Pt) dt . (III.27)
By using the horizon temperature in Eq. (III.13) and Eq. (III.27), we acquire
THdS = 4πr˜
3
AH (ρt + Pt) dt− 2πr˜2A (ρt + Pt) dr˜A . (III.28)
The Misner-Sharp energy is defined as E ≡ r˜A/ (2G) = V ρt. Therefore, we have
dE = −4πr˜3AH (ρt + Pt) dt+ 4πr˜2Aρtdr˜A . (III.29)
Here, the term proportional to dF does not exist on the r.h.s. owing to the continuity
equation. By combining Eqs. (III.28) and (III.29), we obtain the equation describing the
first law of equilibrium thermodynamics is found as THdS = −dE +WdV , where the work
densityW is represented asW = (1/2) (ρt − Pt). As a consequence, through the redefinition
of ρDE and PDE in order for the continuity equation to hold, a description of equilibrium
thermodynamics can be realized.
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Furthermore, from Eqs. (III.22), (III.23), and (III.27), we get
S˙ = 8π2Hr˜4A (ρt + Pt) =
6π
G
T˙
T 2
. (III.30)
Hence, for the expanding universe, if the null energy condition ρt+Pt ≥ 0 leading to H˙ ≤ 0
is satisfied, the horizon entropy becomes large because S˙ ∝ T˙ /T 2 ∝ −H˙/H3.
We have two important reasons why the description of equilibrium thermodynamics can
be found. First, the energy density and pressure of dark components can be redefined and
the standard continuity equation can be met. Second, we have S = A/(4G), similarly to
that in general relativity. We mention that the horizon entropy has been analyzed in the
four-dimensional modified gravity [120]. Moreover, the quantum logarithmic correction to
the horizon entropy has been examined [121–126].
The horizon entropy S in the description of equilibrium thermodynamics is related to
that Sˆ in the description of non-equilibrium thermodynamics as [91, 92]
dS = dSˆ + diSˆ +
r˜A
2GTH
dF − 2π (1− F )
G
H˙
H3
dt. (III.31)
With Eqs. (III.19) and (III.27), Eq. (III.31) is expressed as
dS =
1
F
dSˆ +
1
F
2H2 + H˙
4H2 + H˙
diSˆ . (III.32)
In f(T ) gravity, S is not equal to Sˆ because dF 6= 0. On the other hand, if f(T ) = T ,
since F = 1, we obtain S = Sˆ. It follows from Eq. (III.32) that the information of both
dSˆ and diSˆ in the description of non-equilibrium thermodynamics are included in dS in the
description of equilibrium thermodynamics.
In the flat FLRW background, for any gravity theory, the Bekenstein-Hawking entropy
evolves as S ∝ H−2. Hence, when H becomes small, S becomes large, while S decreases if
H increases. Such behaviors are also seen in superinflation. That is, S becomes large when
wt ≡ Pt/ρt > −1 (H˙ < 0), whereas S becomes small if wt < −1 (H˙ > 0). This property
is similar to that in general relativity, in which the energy density and pressure of dark
components are given by ρDE in Eq. (III.24) and PDE in Eq. (III.25), respectively.
The Wald entropy behaves as Sˆ ∝ FH−2, where the information of gravity theories is
involved. As an example, if f(T ) = T + αT n with α and n constants, we find Sˆ ∝ H2(n−2).
Accordingly, since H becomes large (small) for n > 2 (n < 2), Sˆ increases apart from
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n = 2. Hence, the evolution of the Wald entropy is not equivalent to that of the Bekenstein-
Hawking entropy. A relation between the descriptions of equilibrium non-equilibrium ther-
modynamics is presented by the term diSˆ of the entropy production in the description of
non-equilibrium thermodynamics in Eq. (III.32), in which dS is constructed by dSˆ and diSˆ.
Thus, the description of equilibrium thermodynamics is clearer than that of non-equilibrium
thermodynamics. In the description of equilibrium thermodynamics, the expression of the
horizon entropy is equivalent to that in general relativity. Furthermore, the non-equilibrium
thermodynamics is connected with the equilibrium thermodynamics more profoundly.
We remark that the EoS of dark components in the description of equilibrium thermody-
namics is different from that in the description of non-equilibrium thermodynamics. With
Eqs. (III.7), (III.8), (III.24), and (III.25), we obtain
wˆDE =
PˆDE
ρˆDE
= −1 + 4HF˙
FT − f , (III.33)
wDE =
PDE
ρDE
= −1− 4 (1− F − 2TF
′) H˙
−T − f + 2TF . (III.34)
If f(T ) is not equal T , we find wˆDE 6= wDE. Therefore, in f(T ) gravity, when we compare
the theoretical results on the EoS of dark components with the observations, we need the
representations of the EoS of dark components in both the descriptions of non-equilibrium
and equilibrium thermodynamics. This is a significant cosmological consequence acquired
from the considerations of descriptions of non-equilibrium and equilibrium thermodynamics.
2. Second law of thermodynamics in equilibrium description
The Gibbs equation for all the matter and energy fluids in the description of equilibrium
thermodynamics is written as
THdSt = d (ρtV ) + PtdV = V dρt + (ρt + Pt) dV . (III.35)
We can represent the second law of thermodynamics as
dSsum
dt
≡ dS
dt
+
dSt
dt
≥ 0 , (III.36)
with Ssum ≡ S + St. From V = 4πr˜3A/3, and Eqs. (III.13), (III.23), and (III.30), we acquire
dSsum
dt
= −6π
G
(
T˙
T
)2
1
4HT + T˙
. (III.37)
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The condition Y ≡ −
(
4HT + T˙
)
= 12H
(
2H2 + H˙
)
≥ 0 follows from Eqs. (III.36) and
(III.37). In the flat FLRW space-time for the expanding universe, in which we have H > 0,
if
(
2H2 + H˙
)
≥ 0, the second law of thermodynamics can be met. For F (R) gravity, in
the flat FLRW background, we have R = 6
(
2H2 + H˙
)
[80]. Since R ≥ 0, in this case, the
condition Y ≥ 0 shown above is satisfied. The condition Y ≥ 0 can be extended to f(T )
gravity due to the analogy with F (R) gravity because Y consists of only H and H˙ and
has a relation to the scalar curvature for general relativity. As a result, a unified picture of
descriptions of non-equilibrium and equilibrium thermodynamics. has been realized. This
consequence can be verified only if the temperature of the universe outside the apparent
horizon is equal to that inside it [127, 128].
IV. CONCLUSIONS
In the present paper, we have reviewed the relationship between gravitation and ther-
modynamics. Particularly, we have considered the profound connection of various modified
gravity theories, in which the late-time accelerated expansion of the universe can be realized,
to thermodynamics.
First, we have shown that the gravitational field equations in modified gravity theories
of F (R) gravity, the scalar-Gauss-Bonnet gravity, F (G) gravity, and the non-local gravity
are equivalent to the Clausius relation in thermodynamics. For the representation of the
entropy in modified gravity theories, it is significant if the contribution from matter with or
without the modified gravity is included to the definition of the energy flux, i.e., heat. This
is relevant to the point that for modified gravity theories, in the expanding universe, a de-
scription of equilibrium thermodynamics on the apparent horizon can exist by redefining an
energy momentum tensor of modification of gravity from which a local energy conservation
is met [91, 92].
Second, for f(T ) gravity, we have explored the first and second laws of thermodynamics
of the apparent horizon. We have studied both the descriptions of non-equilibrium and
equilibrium thermodynamics. The same dual equilibrium/non-equilibrium formulation in
f(T ) as in F (R) gravity have been found. In addition, it has been verified that when the
cosmic temperature of inside of the apparent horizon is the same as that of the horizon, the
second law of thermodynamics can be met in the frameworks of non-equilibrium and equi-
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librium thermodynamics. We have demonstrated that in the description of non-equilibrium
thermodynamics, the second law of thermodynamics can hold independent of sign of the
time derivative in terms of the Hubble parameter, while in the description of equilibrium
thermodynamics, the second law of thermodynamics can be satisfied thanks to the analogy
with the point that in the expanding space-time, the non-negative quantity relevant to the
scalar curvature in general relativity is positive or equal to zero.
It is considered that the second law of thermodynamics in f(T ) gravity discussed in
this work has a physical meaning. In any successful gravity theory alternative to general
relativity, the second law of thermodynamics should be met. When the second law of
thermodynamics does not hold in a cosmological model, this may comes from the fact that
the second law of thermodynamics is not generalized correctly or that the model has some
inherent inconsistent points. In the latter case, the model has to be abandoned. Moreover,
the following point should be cautioned. The fact that the cosmic temperature of inside of
the apparent horizon is equal to that on the horizon is a working hypothesis because this
cannot be so in general.
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